Abstract. We present a proposal for a computational representation of competence maps that emphasises relationships of inclusion/part-of and specialization/generalization, and a generic approach to the construction of probabilistic relational learner models based on those competence maps, in which conditional probability tables are built on the basis of the kind of relationships between competences and, for the case of inclusion/part-of relationships, on the number of those relationships. We justify the use of noisy-or as a substitute for composite conditional tables produced by a competence being part of many other competences. Preliminary testing of both frameworks, for computational representation of competence maps and the construction of probabilistic graphical models from them, suggest coherence with reality.
Introduction
Competence-based education is a world-wide but relatively recent trend [1] which tries to go away from fact memorisation by establishing what students should be capable of doing with their knowledge (i.e. their competences), there is still much to do in order to fully implement competence-based education. Most importantly, teachers need to think in terms of competences while teaching and evaluating their students.
Today, a large number of educational programmes are defined in terms of the competences their graduates are going to have, and the competences students are going to develop on each course [3, 8, 9 ]. Yet, most of the information regarding competences is held in the design phase, in the documents describing the programmes and course designs. You may find some information regarding competences in some textbooks and online courses, appreciate less competence orientation in learning activities, a little bit of competence-based evaluation by teachers and, finally, almost no information regarding what competences the students have develop (and to which level) in their kardex, and even less information on that in their certificate.
Furthermore, evidence regarding the development of competences do not accumulate, and that is particularly the case for transversal competences, such as problem solving and team collaboration. Many such competences are develop along many courses, specialised in several context (e.g. problem solving in mathematics, in communication, in biology), yet there is no accumulation of evidence regarding the general case, nor we use it to tailor teaching (e.g. a student that has proven to be a good problem solver in other fields of study may need a different teaching that a student who has proven otherwise).
On the particular case of online learning, much of the work of gathering information regarding the development of competences by students can be automatized, so that it is carried out by the learning management system, but it is generally the case it has no information regarding competences, nor information regarding commonalities of competences among several activities dispersed along a few courses.
So our proposal goes on the way of attending these problems by providing the system with detailed information regarding competences, their interrelationships, and their relations to course activities, so that evidence of their development by students can be accumulated, and visualised by anyone interested and proper permissions. Furthermore, we propose mechanisms for evidence propagation, so that knowledge about the student having developed certain level of some competences can be transformed into knowledge concerning the indirect, preliminary development of related competences.
Related Work
Most of the work in computational encoding of competences has do to with their description and cataloguing. Consequently, the standard developed on this subject attends precisely these topics [1] . The establishment of relationships between competences is let as optional in the standard, as well as in other tools that support the construction of competence maps, such as COMET [7] .
More related work has been focused on the construction of hierarchies of competences (Competence Structures) using relationships of type inclusion/partof for learner modelling [6] , a relation type and goal shared with the work reported here. However, the authors could not find further information regarding the implementation of a belief propagation mechanism that makes use of the hierarchical structure.
Competence Maps
Our competence maps are built on a notion of competence as the ability to perform a given action in a given context, which demands the mobilization of various cognitive resources (knowledge, skills, attitudes and values) [5] , and two kinds of relations among competences: inclusion/part-of, and specialization/generalization. An example of such a competence map is given in Figure 1 .
Inclusion/Part-of
This relation takes into account the observation that competences come in different sizes in educational programmes. There are small competences that clearly decompose into a few attributes, and there are large competences that look like complex agglomeration of attributes, while its process of execution seem to decompose into subprocesses-for example, in the domain of Physics, mathematical competences could be regarded as basic competences, as only their products may be of interest, while physics competences would be described in detail, decomposing them into sub-competences. So in our competence maps we distinguish between simple competences that decompose directly into its attributes (knowledge, skills, attitudes and values), and complex competences that decompose into sub-competences. In the second case, the super-competence's attributes are composed by those associated directly to it, plus the ones associated (directly or indirectly) to its sub-competences.
There is no restriction in the number of (super)competences that include a given (sub)competence. For example, as shown in Figure 1 , operating mathematical language to achieve a result to be interpreted in context can be seen as a competence that is a necessary component of problem solving in natural sciences such as Physics and Chemistry.
Specialization/Generalization
This relation takes into account the observation that there are competences that seem more specialised than others; competences that, on one side, seem to include additional attributes (e.g. 'writing formal letters with Microsoft 365') while, on the other side, seem to lack of generality in comparison to other competences (e.g. 'writing formal letters with a word processor'). So in our competence maps a competence can be specialised or generalised by another competence through the addition 4 of attributes such as knowledge, skills, attitudes or values. In contrast with the inclusion/part-of relationship, while a competence can be specialized by many other competences, a competence can only specialise a single other competence-in the same way that, in many object oriented programming languages, a class can only specialise another class, not multiple ones.
Interplay of Relationships
Both kinds of relationships among competences are not isolated one from the other. If a competence specialises a complex competence, it inherits not only its attributes but also its structure (see example in Figure 1) ; that is to say, it becomes a complex competence with the same number of sub-competences, each one a specialization of a corresponding sub-competence in the original competence. Figure 1 demonstrates what has been explained so far, using the competence for problem solving to illustrate both kind of relationships and its interplay. The figure includes a complex generic competence for problem solving that gets specialised (dashed lines) into problem-solving competences in the fields of Physics and Chemistry, so both specializations inherit the structure of the generic competence, and their sub-competences (solid lines) specialise the corresponding generic sub-competences of the generic competence for problem solving.
Example
In this example, operating the mathematical language is considered a necessary sub-competence for problem solving in both fields, so this appears connected both to problem-solving in Physics and to problem-solving in Chemistry, and specialises the generic competence for operating in a formal language.
Probabilistic Relational Models
A competence map as the one shown above can be used as the base for a probabilistic relational model [4] of the competences being developed by a student, using the relationships between competences for propagating evidences regarding the level of competence developed by a student. For example, if we know a student has demonstrated a high level of competence in problem solving in a few fields (e.g. in physics, mathematics, communication, social conflicts) then we can infer it would not start from zero in problem solving in another field (e.g. in chemistry) but rather exhibit a certain level of development of the problem-solving competence in that field from start. Furthermore, a competence maps as the one shown above allows modelling of the development of a generic problem-solving competence that corresponds to the intuitive sense of the student being generally good at problem solving.
A first approach to developing probabilistic relational model from a competence map would be to base the construction of the conditional tables only on the kind of the relationship and, for the case of the inclusion/part-of relationship, on the number of sub-competences. In that way, the conditional tables can be constructed automatically from a set of principles and rules, as shown below.
Principles
Levels of competence. According to the educational theory of social constructivism [10] we consider three levels of competence:
-Low. The student cannot perform the action on its own nor with the support of others. -Medium. The student can perform the action with the support of others, but not on its own. -High. The student can perform the action on its own, without the support of others.
Conditional probability tables. The definitions of conditional probability tables per relationship type, as well as their composition in cases of multiple connections upwards, is based in the following assumptions:
1. If we believe that someone has achieved a high level of development of a competence, we would expect a better performance in a specialization of such a competence than if we know nothing about the development on the first competence. That is so because the specialization inherits the attributes of the original competence. 2. On the other hand, if we believe that someone has problems with a competence, we would expect they to have similar problems in most of their specializations. That is so because attributes not fully developed in the original competence are also inherited by its specializations. 3. The strength of the relationship between a given competence and another that specializes it does not depend on the existence of other specializations of the same competence.
4. If we believe that someone has achieved a high level of development of a super-competence, we would expect a relatively good performance in each and every one of their sub-competencies (with outstanding performance in some of them, and not so good performance in some others). 5. On the other hand, if we believe that someone has problems performing a super-competence, the difficulty could reside specifically in any of its subcompetences, or accumulate from difficulties in several of them. 6. The strength of the relationship between a super-competence and any of its sub-competences depends on the total number of sub-competences. That is so because the more sub-competencies, the more the performance impact of one of them on the performance of the large competence is diluted (considering an even share of attributes among sub-competences).
Conditional Tables for Specialization/Generalization
On the basis of principles 1 to 3 we can sketch the conditional probability table for a specialization/generalization relationship: If someone has the capability to perform an action on their own (high level of competence) in certain type of situations, it is likely to be able to do it in any situation that demands some additional resources (knowledge, skills, attitudes and values), although it is more likely that they will need some help, because they may lack some of the additional resources. Yet there is still the possibility that the specialization is so strong that they can perform the action in the new situation, even with support from others.
If someone has the ability to perform an action with support from others in certain kinds of situations, it is unlikely that they can perform it on their own in any kind of situations that demand even more resources. They are likely to need more support than before, or even they may be unable to perform the task at all. Yet, it may still be the case that having most of the additional resources could help them to perform the action, even without help.
If someone is unable to perform an action in a certain type of situations, even with support from others, it is very unlikely that they can perform it in any kind of situations that demand additional resources, unless their having of those additional resources provides them with some lever for compensating their lacks in the original ones. Yet, it seems more unlikely that they can perform the action on their own in the more demanding situations.
There are many ways to assign relative numerical weights to the fuzzy notions of probability used in the table above. We have considered three of them (see Figure 2 ): a linear distribution (1, 2, 3, 4) , that provides a weak differentiation of probabilities; the standard normal distribution (cumulative probability at -3, -2, -1 and 0), that provides a strong differentiation of probabilities; and the binomial distribution with six trials (1, 6, 15, 20) and probability equal to 0.5, as a compromise between the previous ones. Fig. 2 . Linear distribution, binomial distribution with six trials and probability equal to 0.5, and normal distribution.
Conditional Tables for Inclusion/Part-of
Consider the case of a competence C that includes n sub-competencies which we call C 1 , C 2 , ..., C n . If someone is able to perform on their own the action associated to the competence in certain kind of situations, this means necessarily that they can perform each of its sub-competences without help. That is,
On the other hand, if someone is able to perform the action associated with the competence with support from others, but only thus, then at least one of his sub-competences must have an average level and none can have a low level. Yet, in order to do not discard the possibility of a sub-competence with a low level, we can calculate the conditional probabilities as follows:
Finally, if a person as a low level in competence C (they cannot perform the associated action, even with support from others) this may be due to problems in the execution of any of C sub-competences. That is, of the 3 n possible permutations of levels of its sub-competencies, only those in which at least one of the sub-competencies has a low level is possible: 3 n − 2 n . From here we can calculate the conditional probabilities:
, because if C i has a level other than low, at least one of the others must have it.
n−1 /(3 n −2 n ), because if C i has a low level, the other sub-competencies can have any level.
The limit of the conditional probabilities as n approaches infinity is 1 3 , so the conditional probability distribution for the case C(Low) is flattened when the number of sub-competencies grows, and it does so rather quickly (with five sub-competences, the difference between conditional probabilities is less than 7 100 ).
The full table of conditional probabilities is then as shown in Table 2 below. Table 2 . Conditional probability table for the inclusion/part-of relationship. The top row contains the possible competence levels for the super-competence, while the column on the far left contains the possible competence levels for a sub-competence.
Low Medium High
Low 3 n−1
Very small
Large

Joint Conditional Probability Distributions
The restriction that a competence can only specialize a single other competence reduces the case for a competence to have several relationships upward to the form < Specialization, Subpart 1 , . . . , Subpart n >. Besides, the characteristics of the conditional probability distribution for the inclusion/part-of relation-in the sense that a medium or high level at the super-competence strongly conditions the level at any sub-competence, while a low level at the super-competence weakly conditions the level at any of its sub-competences-suggests we could combine all the conditional probability tables for inclusion/part-of relationships using a noisy-or [2] .
Usage
Given a competence map, corresponding to an educational programme or course, it is possible to create a probabilistic relational model for every student. Its initial state will be given by the probability distributions for the possible levels at the top competences (e.g. uniform distribution) which will be propagated through the whole map using the corresponding conditional probability tables. Evidence of levels of competence will come mostly at the lower layers of the competence map, as those competences will be associated to more concrete situations, where student performance will be easier to observe: you cannot observe a student using the idea of a generic word processor, but you can see them using LibreOffice 5 Write. The evidence will be propagated to the rest of the map using the same conditional probability tables, so knowledge about more general competences and peer competences-specializations of the same competence; e.g. using Microsoft Word 365, will be accumulated.
In such a way, competence development along all activities in courses could be accumulated in the learner model, which would provide then a more detailed and accurate description of the state of competences development by the learner.
Conclusions
In this paper we have briefly described a formalism for the construction of competence maps with a focus in the relationships (specialization/generalization, and inclusion/part-of) between competences, which in turn can be used as the basis for a probabilistic relational learner model. The overall shape of the conditional probability tables has been deduced, with some details, from the levels of competence and the kind of relationship between competences.
In doing so, we have provided a general framework for the development of competence maps and their corresponding probabilistic relational learner models. The specialization/generalization type of relationship between competences leads necessarily to the notion of "generic/abstract competences", with so few attributes (or none) that it could be said that such "competences" cannot be observed in real life-that is so, because any concrete situation would demand more competence attributes (knowledge, skills, attitudes) in order to perform the task-yet they are powerful organizers in competence maps and provide a natural way for evidence propagation in learner models.
Future work includes the development of competence maps for educational programmes based on competences-such as the National High School System of Mexico, particularly in its online implementations at the Virtual University System at the University of Guadalajara-, the generation of relational probabilistic models from them. We plan to use data from previous courses, evaluated by experts, so to construct learner models from previous students, and then validate their final states against the criteria from the same experts. Finally, our plan includes the development of mechanisms for the recovery of evidence from the activities in online courses, and visualisation of learner models, so to provide real time feedback to teachers and students about the develpment of competences.
